Let be a Banach function space over the unit circle T and let [ ] be the abstract Hardy space built upon . If the Riesz projection is bounded on and ∈ ∞ , then the Toeplitz operator = ( ) is bounded on [ ]. We extend well-known results by Brown and Halmos for = 2 and show that, under certain assumptions on the space , the Toeplitz operator is bounded (resp., compact) if and only if ∈ ∞ (resp., = 0).
Introduction
The Banach algebra of all bounded linear operators on a Banach space will be denoted by B( ). Let T be the unit circle in the complex plane C. For ∈ Z + fl {0, 1, 2, . . .}, a function of the form ( ) = ∑ =− , where ∈ C for all ∈ {− , . . . , } and ∈ T, is called a trigonometric polynomial of order . The set of all trigonometric polynomials is denoted by P. The Riesz projection is the operator which is defined on P by
For 1 ≤ ≤ ∞, let fl (T) be the Lebesgue space on the unit circle T in the complex plane. For ∈ 1 , let
be the sequence of the Fourier coefficients of . The classical Hardy spaces are given by fl { ∈ :̂( ) = 0 ∀ < 0} .
It is well known that the Riesz projection extends to a bounded linear operator on if and only if 1 < < ∞. For ∈ ∞ , the Toeplitz operator with symbol on , 1 < < ∞, is given by = ( ) .
Toeplitz operators have attracted the mathematical community for the many decades since the classical paper by Toeplitz [1] . Brown and Halmos [2, Theorem 4] proved that a necessary and sufficient condition that an operator on 2 is a Toeplitz operator is that its matrix with respect to the standard basis of 2 is a Toeplitz matrix, that is, the matrix of the form ( − ) , ∈Z + . The norm of on the Hardy space 2 coincides with the norm of its symbol in ∞ (actually, this result was already in a footnote of [1] ). Brown and Halmos also observed, as a corollary, that the only compact Toeplitz operator on 2 is the zero operator. We here mention [3, Part B, Theorem 4. 1.4] and [4, Theorem 1.8] for the proof of the Brown-Halmos theorem. An analogue of this result is true for Toeplitz operators acting on , 1 < < ∞ [5, Theorem 2.7] .
In this paper, we will consider the so-called Banach function spaces in place of . As usual, we equip the unit circle T with the normalized Lebesgue measure ( ) = ( ∈ N) in 0 + , for all constants ≥ 0, and for all measurable subsets of T, the following properties hold:
(a) ( ) = 0 ⇔ = 0 a.e., ( ) = ( ), ( + ) ≤ ( ) + ( ),
with ∈ (0, ∞) depending on and but independent of . When functions differing only on a set of measure zero are identified, the set of all functions ∈ 0 for which (| |) < ∞ is a Banach space under the norm ‖ ‖ fl (| |). Such a space is called a Banach function space. If is a function norm, its associate norm is defined on
The 
This definition makes sense because is continuously embedded in 1 in view of axiom (d). It can be shown that [ ] is a closed subspace of . It is clear that if 1 ≤ ≤ ∞, then [ ] is the classical Hardy space . It follows from axiom (d) that P ⊂ ∞ ⊂ . We will restrict ourselves to Banach function spaces such that the Riesz projection defined initially on P by formula (1) extends to a bounded linear operator on the whole space . The extension will again be denoted by . If ∈ ∞ and ∈ B( ), then the Toeplitz operator defined by formula (4) is bounded on [ ] and
The For ∈ and ∈ , we will use the following pairing:
For ∈ Z and ∈ T, put ( ) = . Then the Fourier coefficients of a function ∈ 1 can be expressed bŷ( ) = ⟨ , ⟩ for ∈ Z. 
Then there is a function
We need the notion of a function with absolutely continuous norm to formulate the result on the noncompactness of nontrivial Toeplitz operators. Following The paper is organized as follows. Section 2 contains results on the density of the set of all trigonometric polynomials P (resp., the set of all analytic polynomials P ) in a Banach function space (resp., in the abstract Hardy space [ ] built upon ). We also show that the norm of a function in can be calculated in terms of ⟨ , ⟩, where ∈ P, under the assumption that is separable. Further, we prove that every bounded linear operator on a separable Banach function space, whose matrix is of the form ( − ) , ∈Z , is an operator of multiplication by a function ∈ ∞ and the sequence of its Fourier coefficients is exactly { } ∈Z . Finally, we prove that if the characteristic functions of all measurable sets ⊂ T have absolutely continuous norms in , then the sequence { } ∈Z + converges weakly to zero on the abstract Hardy space [ ]. In Section 3, we provide proofs of our main results, using auxiliary results from the previous section. In Section 4, we specify our main results to the case of Hardy spaces built upon weighted Lebesgue spaces ( ) with Muckenhoupt weights and to the case of weighted Nakano spaces (⋅) ( ) with certain radial oscillating weights. In both cases, it is known that the Riesz projection is bounded. 
Auxiliary Results

Density of Continuous Function and Trigonometric Polynomials in Banach Function
Density of Analytic Polynomials in Abstract Hardy Spaces.
Let ∈ Z + . A function of the form ( ) = ∑ =0 , where ∈ C for all ∈ {0, . . . , } and ∈ T, is said to be an analytic polynomial on T. The set of all analytic polynomials is denoted by P .
Lemma 4. Let be a separable Banach functions space over the unit circle T. If the Riesz projection is bounded on , then the set P is dense in [ ].
Proof. If ∈ [ ] ⊂ , then by Lemma 3, there exists a sequence ∈ P such that ‖ − ‖ → 0 as → ∞. It is clear that = and ∈ P . Since ∈ B( ), we finally have
as → ∞. Thus P is dense in .
A Formula for the Norm in a Banach Function Space
Lemma 5. Let be a Banach function space over the unit circle T. If the associate space is separable, then for every
Proof. By [6, Theorem 2.7 and Lemma 2.8], for every ∈ = sup { ⟨ , ⟩ : ∈ , ≤ 1} .
By the lattice property of the associate space , we have P ⊂ . Hence, equality (13) implies that for ∈ ≥ sup { ⟨ , ⟩ : ∈ P, ≤ 1} .
Fix ∈ such that 0 < ‖ ‖ ≤ 1. Since is separable, it follows from Lemma 3 that there exists a sequence Thus, taking into account (15) and (18), we deduce for every function ∈ satisfying 0 < ‖ ‖ ≤ 1 that
This inequality and equality (13) imply that
Combining inequalities (14) and (20), we arrive at equality (12).
Multiplication Operators.
We start this subsection with the following result by Maligranda and Persson on multiplication operators acting on Banach function spaces. 
is bounded on if and only if ∈ ∞ and ‖ ‖ B( ) = ‖ ‖ ∞ .
It is easy see that
The following lemma shows that every bounded operator with such a property is a multiplication operator.
Lemma 7.
Let be a separable Banach functions space over the unit circle T. Suppose ∈ B( ) and there exists a sequence { } ∈N of complex numbers such that
Then there exists a function ∈ ∞ such that = and ( ) = for all ∈ Z.
Proof. Put fl 0 ∈ . Since ⊂ 1 , we infer from (23) that̂(
If = ∑ =−̂( ) ∈ P, then ∈ ⊂ 1 and the th Fourier coefficient of is calculated by
On the other hand, from (23), we get for ∈ Z
By (25) and (26), ( )̂( ) = ( )̂( ) for all ∈ Z. Therefore, = for all ∈ P in view of the uniqueness theorem for Fourier series (see, e.g., [11, Chap. I, Theorem 2.7]). Since the space is separable, the set P is dense in by Lemma 3. Therefore = for ∈ . This means that = ∈ B( ). It remains to apply Lemma 6. 
Weak Convergence of the Sequence
By the Riemann-Lebesgue lemma (see, e.g., [11, Chap. I, Theorem 2.8]) and (27) , Λ( ) → 0 as → ∞ for every Λ ∈ * ; that is, { } ∈Z + converges weakly to zero on , which completes the proof.
Proof of the Main Results
Proof of Theorem 1.
We follow the scheme of the proof of [8, Theorem 4.5] (see also [5, Theorem 2.7] ). Without loss of generality, we may assume that the operator is nonzero. For ∈ Z + , put fl − . Then taking into account Lemma 6 and that ∈ B( [ ]), we get
Consider the following subset of the associate space:
It follows from Hölder's inequality for Banach function spaces (see [6, Chap. 1, Theorem 2.4]) and (28) and (29) that 
On the other hand, the definition of and equality (9) imply that
It follows from (31) and (32) that
Now define the mapping by
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Assume that and are trigonometric polynomials of orders and , respectively. Then
It follows from (9) and (33) that for ≥ max{ , }
It is clear that ∈ [ ] for ≥ max{ , }. Therefore, taking into account Lemma 6, we see that for ≥ max{ , }
.
(37) By Hölder's inequality for Banach function spaces (see [6, Chap. 1, Theorem 2.4]) from (36) and (37), we obtain
Since a Banach function space is reflexive and the Lebesgue measure is separable, it follows from [6, Chap. 1, Corollaries 4.4 and 5.6] that the spaces and are separable. Then Lemma 5 and inequality (38) yield
for all ∈ P. In view of Lemma 3, P is dense in . Then (39) implies that the linear mapping defined in (34) extends to an operator ∈ B( ) such that
We deduce from (33) that
By Lemma 7, there exists a function ∈ ∞ such that = and =̂( ) for all ∈ Z. Moreover
It follows from the definition of the Toeplitz operator that
Combining this fact with equality (9), we arrive at
Since , ∈ [ ] ⊂ 1 , by the uniqueness theorem for Fourier series (see, e.g., [11, Chap. I, Theorem 2.7]), it follows from (44) that = for all ∈ Z + . Therefore
In view of Lemma 4, the set P is dense in [ ]. This fact and equality (45) imply that = and
Combining inequality (40) with equalities (42) and (46), we arrive at the first inequality in (10) . The second inequality in (10) is obvious. 
Proof of Theorem 2. It is clear that if
Since ∞ ⊂ , there exists a constant ∈ (0, ∞) such that
For all ∈ Z and all ∈ Z + such that + ∈ Z + , we havê
Then from (48)-(50) we obtain for all ∈ Z and all ∈ Z + such that + ∈ Z + [ ] ≥ ⟨ ,
Passing in this inequality to the limit as → ∞ and taking into account (47), we see that̂( ) = 0 for all ∈ Z. By the uniqueness theorem for Fourier series (see, e.g., [11, Chap. I, Theorem 2.7]), this implies that = 0 a.e. on T.
Toeplitz Operators on Hardy Spaces Built upon Weighted Lebesgue and Nakano Spaces
The Case of Hardy Spaces Built upon Lebesgue Spaces with Muckenhoupt Weights. A measurable function
: T → [0, ∞] is referred to as a weight if 0 < ( ) < ∞ almost everywhere on T. If is a Banach function space over the unit circle and is a weight, then
is a normed space equipped with the norm ‖ ‖ ( ) fl ‖ ‖ . Moreover, if ∈ and 1/ ∈ , then ( ) is a Banach function space (see [15, Lemma 2.5] ). Let 1 < < ∞ and be a weight. It is well known that the Riesz projection is bounded on the weighted Lebesgue space ( ) if and only if the weight satisfies the Muckenhoupt -condition; that is,
where the supremum is taken over all subarcs of the unit circle T and 1/ +1/ = 1 (see [16] and also [5, Section 1.46], [3, Section 5.7.3(h)]). In the latter case, we will write ∈ (T). It is clear that if ∈ (T), then ∈ and 1/ ∈ . Hence ( ) is a Banach function space whenever ∈ (T). It is well known that if 1 < < ∞, then ( ) is reflexive. We denote the corresponding Hardy space by
. Surprisingly enough, we were not able to find the following results explicitly stated in the literature. Corollary 9. Let 1 < < ∞ and ∈ (T). If ∈ B( ( )) and there exists a sequence { } ∈Z of complex numbers satisfying (9) , then there exists a function
This is an immediate consequence of Theorem 1. For the weight = 1, it is proved in [5, Theorem 2.7] . This corollary follows from Theorem 2.
The Case of Hardy Spaces Built upon Nakano Spaces with
Radial Oscillating Weights. We denote by P (T) the set of all continuous functions : T → (1, ∞). For ∈ P (T), let (⋅) be the set of all functions ∈ 0 such that
for some = ( ) > 0. This set becomes a Banach function space when equipped with the Luxemburg-Nakano norm is nothing but the Lebesgue space . The spaces (⋅) are referred to as Nakano spaces. We refer to Maligranda's paper [19] for the role of Hidegoro Nakano in the study of these spaces.
Since T is compact, we have
In this case, the space (⋅) is reflexive and its associate space is isomorphic to the space (⋅) , where 1/ ( ) + 1/ ( ) = 1 for all ∈ T (see, e.g., [17, Section 2.8] and [18, Section 3.2] ).
Let be the Cauchy singular integral of a function ∈ 1 (T) defined by
where T( , ) fl { ∈ T: | − | < }. For a weight : T → [0, ∞], consider the weighted Nakano space
It follows from [15, Theorem 6.1] that if the operator is bounded on (⋅) ( ), then
where the supremum is taken over all subarcs ⊂ T. In particular, in this case, ∈ (⋅) and 1/ ∈ (⋅) , whence (⋅) ( ) is a Banach function space by [15, Lemma 2.5(b) ]. We say that an exponent ∈ P (T) is locally log-Hölder continuous (cf. 
The class of all locally log-Hölder continuous exponents will be denoted by (T). Notice that some authors also denote this class by P log (T) (see, e.g., [20 for some , ∈ R. Clearly, the functions ( ) = belong to W for all ∈ R. For ∈ W, put
Since ∈ W, one can show that the limits
exist and −∞ < ( ) ≤ ( ) < +∞. These numbers were defined under some extra assumptions on by Matuszewska and Orlicz [22, 23] (see also [24] and [25, Chapter 11] ). We refer to ( ) (resp., ( )) as the lower (resp., upper) Matuszewska-Orlicz index of . For ( ) = , one has ( ) = ( ) = . Examples of functions ∈ W with ( ) < ( ) can be found, for instance, in [25, p. 93] . Fix pairwise distinct points 1 , . . . , ∈ Γ and functions 1 , . . . , ∈ W. Consider the following weight:
Each function (| − |) is a radial oscillating weight. This is a natural generalization of the so-called Khvedelidze weights ( ) = ∏ =1 | − | , where ∈ R (see, e.g., [ Proof. In view of Theorem 11, the operator is bounded on the space (⋅) ( ). As was observed above, the boundedness of the operator on the space (⋅) ( ) implies that ∈ [27] coincides with the set ( , ) of pointwise multipliers from to , which may contain unbounded functions. Thus, his results complement ours in a nontrivial way but are not more general than ours, because Leśnik restricts himself to rearrangement-invariant spaces and only. On the other hand, the main aim of this paper is to consider the questions of the boundedness and compactness of Toeplitz operators on an abstract Hardy space [ ] in the case when is an arbitrary, not necessarily rearrangementinvariant, Banach function space.
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